We consider Faddeev formulation of gravity, in which the metric is bilinear of d = 10 4-vector fields. A unique feature of this formulation is that the action remains finite for the discontinuous fields (although continuity is recovered on the equations of motion). This means that the spacetime can be decomposed into the 4-simplices virtually not coinciding on their common faces, that is, independent.
Introduction
Recently Faddeev has proposed [1] a new formulation of Einstein's gravity. In this formulation the metric is composed of vector fields or the tetrad of the ten-dimensional fields, f The metric tensor in the Faddeev formulation is thus
The action is functional of the field f 
Here Π AB = δ AB − f A feature of the Faddeev action (2) is that it remains finite for the fields f A λ (and therefore the metrics g λµ ) discontinuous along a coordinate x µ , since the action does not contain any of the squares of derivatives. In this regard, the theory is different from any of the usual field theories, including the usual Einstein theory. Despite the fact that this discontinuity does not survive on the equations of motion in classical framework (where, remind, this theory reduces to Einstein's one), the discontinuous metric is possible in the Faddeev gravity virtually in quantum framework.
In the minisuperspace formulation of the Faddeev gravity on the piecewise flat spacetime [2] the field f A λ is piecewise constant. This field is constant in the 4-simplices that make up the piecewise-flat manifold and, in turn, determine the length of their edges. Above possibility of the virtual discontinuity of f A λ means that edge lengths of the neighboring 4-simplices are considered as independent variables. In particular, these 4-simplices do not fit on their common faces. This independence of the different 4-simplices means considerable methodological simplification for it saves us from having to impose additional geometrical constraints requiring uniqueness of the length of the same edge defined in the different 4-simplices.
The immediate task that is simplified due to the independence of neighboring 4- simplices is to analyze the spectrum of surface area. To this end, we consider the surface as consisting of a set of virtually independent elementary pieces (2-simplices or triangles). Spectrum of the total surface area is the sum of the spectra of independent elementary areas.
The elementary area tensor is the bilinear in the fundamental discrete field variable f A λ . The most direct way to perform the canonical quantization on the basis of the Hamiltonian formalism is achieved by using the connection representation of the Faddeev gravity [3] or, in the present context, its discrete analog [2] . Roughly speaking, elementary area is canonically conjugate to the connection variable which is an orthogonal matrix in the d-dimensional external spacetime. This fact leads to quantization of the elementary area in qualitative analogy with the way it happens with the quantization of angular momentum that is canonically conjugate to an orthogonal matrix of rotation in three-dimensional space. Namely, this quantization follows from the requirement that the wave function be single-valued w. r. t. the angle variables on which it depends. Specifically, the elementary area turns out to be quantized as the momentum in the space with the dimension d − 2.
The quantization of the surface area was discussed in the continuum theory as well, namely, using Ashtekar variables as early as in the work [4] . But there is another principle. They choose a specific expression for the operator of the surface area. The nontriviality of the procedure for determining such an operator is the need to define the product of field operators (namely, the tetrad) at one point. Way to make sense of this expression is the point splitting regularization. To preserve gauge invariance in such a splitting the path ordered exponents of the connection field operator are introduced.
At the same time, the tetrad and the connection are canonically conjugate and have non-trivial commutators with each other. This leads to the fact that evaluation of the area operator on certain set of states in the Hilbert space of states (loop states) gives a discrete set of values. In overall, the mentioned regularization issue together with the local gauge symmetry requirement results in the nontrivial discrete set of values of the area operator.
The surface area operators in terms of the discrete Ashtekar type variables were considered in Ref. [5] .
The spectrum of the surface area plays an important role in the black hole physics, in particular, in reproducing proportionality of the black hole entropy to its horizon area (Bekenstein-Hawking relation ) by statistical method. If known, the spectrum of horizon area can be used to calculate the black hole entropy and find the condition that this entropy coincides with the Bekenstein-Hawking entropy. In Ref [6] (see also Refs. [7, 8] ) this condition has allowed to find the Barbero-Immirzi parameter γ [9, 10] to which the spectrum turns out to be proportional, for a simplified choice of the form of spectrum of the horizon area compared to the spectrum of the generic surface area. The Barbero-Immirzi parameter determines a term which can be added to the Cartan-Weyl form of the Hilbert-Einstein action and which vanishes on the equations of motion for connections [11, 12] thus leading to the same Einstein action in terms of purely metric. Also there is a requirement of the so-called holographic bound principle for the entropy of any spherical nonrotating system including black hole [13, 14, 15] .
To meet this requirement, in Refs [16, 17, 18, 19] the formula for the spectrum of the horizon area was chosen to coincide with the general formula for the spectrum of the surface area, and corresponding value of γ found.
The concepts of the Lagrangian and the canonical formalism suggest that one of the coordinates (time) is continuous. The rest of the article begins with the transition to the limit of continuous time in a fully discrete action [2] in order to find the kinetic part of the Lagrangian of the Faddeev discrete gravity (symbolically, pq). Through analysis of this kinetic part, we find the spectrum of the elementary area, arising under the canonical quantization. The spectrum obtained is used to estimate the parameter γ using the equation, known in the literature, which expresses the condition that the statistical entropy of a black hole is equal to the Bekenstein-Hawking its entropy. 
Kinetic term of the Lagrangian
We consider the Faddeev action for the manifold composed of hypercubes [2] ,
Here T λ is translation operator along the edge λ to the neighboring site; f Here
The matrix Ω as an element of SO(d-1,1) by default has one upper and one lower index, and η serves to transform these two to the same level and vice versa.
The second term in Eq. (3) The term with Barbero-Immirzi parameter γ in the Faddeev gravity [3] can be easily incorporated into discrete formalism, to give, in addition to the Eq. (3) the term
Let us pass to the continuous time. This procedure assumes that the 4-dimensional piecewise flat manifold is constructed of 3-dimensional piecewise flat manifolds (leaves) of a similar structure labeled by a parameter t (time), so that t and t ± dt label neighboring leaves and dt → 0. It is also assumed that
and the functions considered are differentiable so that
We have
Therefore the full action
Consider here contribution of certain quadrangle, say, that one formed by f 1 and f 2 at certain vertex. Let n 1 , n 2 be a pair of mutually orthogonal unit vectors in the plane
where A is the area of the quadrangle. Use for a moment the following identity,
where ǫ ABCD is the completely antisymmetric tensor in the horizontal subspace,
Then
where n 0 , n 1 , n 2 , n 3 form an orthogonal frame in the horizontal subspace,
With these notations, contribution of the considered quadrangle to the kinetic term in the Lagrangian takes the form
Here Ω † 3Ω3 has one upper and one lower index, and η serves to transform these two to the same level, just as the antisymmetric bi-vector [n λ n µ ] has.
Next we need an ansatz for Ω. In the continuum theory we have
for the first order representation of the Faddeev formulation of gravity [3] . Here Λ
are the Lagrange multipliers. The latter are the coefficients at the constraints stating vanishing horizontal-horizontal sub-matrix of the connection matrix ω AB ν . Then it is only horizontal-vertical (vertical-horizontal) block of ω AB ν which contributes to the action, because contribution of the vertical-vertical block identically vanishes. In the discrete formulation, the vertical-vertical part of Ω contributes nonzero value to the action due to the more complicated nonlinear structure of the latter. Therefore there is an ambiguity when passing to the discrete theory from the continuum formulation depending on whether we impose some constraints on the vertical-vertical components of the connection or not. We choose maximally simple ansatz issuing from the continuum theory with zero vertical-vertical part of ω AB ν . That is, in overall,
This has the general solution
parameterized by a new independent vertical vector variable b µλ . Upon substituting this to the action we can find b µλA from the equations of motion for it,
We can view f µ in (19) being expanded over a set of the orthogonal frame vectors n µ and get analogous expression for ω λ with some redefined vertical vector variableb µλ ,
Now omitting tildes we can transfer this to the discrete case and Ω 3 of interest,
Here the dots reflect certain freedom in the choice of the exact form of the constraints 2 ) (more accurately, O((δf ) 3 ) with taking into account SO group properties of Ω 3 ). Using this freedom, we can restore full nonlinear structure of Ω 3 as
Despite of the non-commutativity of the different matrices u, the RHS of Eq. (23) can be rewritten with another order of sequence of the subscripts 0, 1, 2, 3, although with appropriate redefinition of b's,
Now substitute Eq (23) to the 1/γ term in (16) , and Eq (24) to the primary (purely 
The exact nonlinear form of the adopted ansatz for connection is quite simple, e. g. at
This allows to rewrite Eq. (25) as
3
Elementary area spectrum
One consequence of the additional conditions on Ω λ (see Eq. (3)) and, therefore, on b λ , b λ · n µ = 0 (verticality), lies in the fact that the time derivative of b λ is not determined from the equations of motion (see Eq. (27)). That is, b λ are non-dynamical. Now, performing a series of elementary transformations of the variables b, n, we find the range of the non-dynamic variables, where the spectra of area A, defined from requirements that wave function of different angle type variables q be single-valued, are compatible with each other. In addition, this spectrum will be universal for all areas, up to the addition of terms vanishing in the continuum limit, to the discrete Lagrangian.
First consider the purely 1/γ-part. Let us represent l 1 , l 2 in terms of orthogonal vectors,
Thus we arrive at a combination of terms n 2 ·ṅ 1 , e 1 ·ṅ 2 , e 2 ·ṅ 2 , e 1 ·ṅ 1 , e 2 ·ṅ 1 . Let us pass to the new field variables by rotating in the 2-planes of n 1 , n 2 and e 1 , e 2 ,
Let us choose α, β to cancel the terms with e 
choosing α 1 , α 2 to cancel the terms with e Thus, if compared to the latter solution, the former two describe hypersurface in the configuration superspace of zero measure and should be discarded from the probabilistic consideration. So let us take b 1 = π for definiteness.
Next consider the purely (γ) 0 part. Let us represent l 31 + , l 02 in terms of orthogonal vectors, Thus we arrive at a combination of terms n 0 ·ṅ 3 , e 3 ·ṅ 0 , e 0 ·ṅ 0 , e 3 ·ṅ 3 , e 0 ·ṅ 3 . Let us rotate in the 2-planes of n 3 , n 0 and e 3 , e 0 ,
Let us choose ζ, ξ to cancel the terms with e 
If we would like to describe the quantum state by the functions of the (angle type)
coordinates of e 
Again, the solution b 3 = π provides us with the configuration subspace of the largest dimensionality.
Typically, if the considered piecewise flat geometry is seen on sufficiently large scale as some smooth geometry with a typical curvature R, the angle defect has the order of magnitude a 2 R where a is a typical elementary (triangulation) length. We have found by evaluating area/length path integral probability distribution in the theory of the similar type (based on exact connection representation of the Regge action) that we can take a = l p [20] , the Planck scale. If ρ is the typical energy density, then R = l 2 p ρ. The resulting angle defect l 4 p ρ turns out to be extremely small for all ordinary types of matter. Evidently, this can correspond to the small b λ as well, that is, to b λ in some small neighborhood of zero.
Above we have found that the consistent quantum description in terms of the considered variables is achieved at the non-perturbative points when some b λ are π in absolute value (describe reflections as factors in Ω). Fortunately, the curvature describing small neighborhood of the flat space-time can be reproduced using reflections in the connection matrices as well. That is, we can consider the above found points
Of course, the question arises whether we can relax the above established restrictions of the type of Since the number of cubes with edge length a in the given volume V in the 3-dimensional section is V /a 3 , the contribution of these terms to L in this volume has the order O(a) and thus tends to zero in the continuum limit a → 0. Besides these terms, the non-constant parts of the coefficients of n
we can write
Here O(ε 2 ) terms can be canceled by modifying discrete action by adding certain terms to it vanishing in the continuum limit. Further, whereas n
. We can orthogonalize the set n ′′ λ and get orthogonal normalizedñ λ so that
and
whereñ λ up to O(ε 2 ) are linear combinations of n λ and ε λ = ε λ l λ , for example,
Thus, if we allow the modification of the discrete action (adding terms that vanish in the continuum limit), the kinetic term can be the following (the leading part of L, which does not depend on non-dynamic variables),
(as far as the area in the coordinates x 1 , x 2 is considered). Defining area spectrum is then straightforward. Consistent dependence of the wave function on the angle coordinates of the vectorsñ 0 ,ñ 3 does not impose requirement of the discreteness of area spectrum since their relative coordinates vary in the noncompact region. However, these vectors occupy 2-dimensional subspace and thus leave d − 2 dimensions for n 2 ,ñ 1 . Let us use forñ 1 in the (d − 2)-dimensional subspace the spherical coordinates
The basis in the (d − 3)-dimensional orthogonal subspace is naturally chosen as
Then we can writẽ
Substituting these expressions toL we find theχ-terms inL,
The C 1 , . . . , C d−3 and A can serve to parameterize the conjugate to χ 1 , . . . , χ d−3 momenta p n = ∂L/∂χ n . In particular,
In quantum theory p n are substituted by the operators −i∂/∂χ n , and under appropriate 
for the j-th eigenvalue, that is, for the area
In the calculation of Ref [18] , g(j) is the statistical weight of elementary areas 8πl 2 p γa(j) with quantum number j. In this calculation, the requirement that the formula for statistical entropy would coincide with the Bekenstein-Hawking relation (which states that the entropy of the black hole is (4l 
The dependence on d is rather weak.
Conclusion
The area spectrum arising in the considered formulation is physically reasonable, quantum being of the order of Planck scale l 2 p . Though, a priori this circumstance is not quite evident since the spectrum depends on the non-dynamic (that is, whose time derivative is indeterminate from the equations of motion) variables entering as parameters. Namely, this fact certainly does not hold in the usual perturbative framework around flat background when connection variables Ω are in the neighborhood of unity and thus b in Eq. (27) are close to zero. Then the area spectrum is scaled by an infinite factor. However, studying the different requirements to the area spectrum (due to requirements that wave function be single-valued w. r. t. the different angle type variables q), we have found that the compatibility of these requirements is achieved mainly at the non-perturbative values of certain variables of the type of b = π.
Eventually, this can be traced back to the non-perturbative nature of the Faddeev gravity itself. Indeed, vertical equations of the continuum Faddeev gravity establishing its equivalency to the Einstein gravity on classical level are degenerate at b λµA = 0.
This equality means flat space-time. The discrete counterparts b λ can provide flat space-time also when these have the lengths π.
Even if we have physically reasonable area spectrum, the dependence on the nondynamical variables would mean that the spectrum is not universal for all areas. However, as it turned out, this spectrum can be made consistent and universal in the neighborhood of b = π for some b, if we allow the addition of terms to the discrete action, which tend to zero in the formal continuum limit.
A discrete quantization of separate elementary piece of area (triangle) can be observed also in the simplicial minisuperspace formulation of the usual Einstein gravity, and in the absence of the Barbero-Immirzi term (1/γ = 0) only timelike area is quantized [20] . In this respect, the situation differs from that in the continuum theory based on Ashtekar variables and loop states where the spacelike area is quantized in the absence of the Barbero-Immirzi term in the action [4] . At 1/γ = 0 we can get discrete spacelike area spectrum proportional to γ [20] . The problem of analyzing the spectrum of the total surface area lies in the fact that its constituent triangles are not independent, so that this spectrum can not be found simply as the sum of the spectra of individual independent triangles.
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